Abstract. In this paper, we generalize a result of Satoh to show that for any odd natural n, the connected sum of the n-twist spun sphere of a knot K and an unknotted projective plane in the 4-sphere is equivalent to the same unknotted projective plane. We additionally provide a fix to a small error in Satoh's proof of the case that K is a 2-bridge knot.
Introduction
One of the earliest examples of knotted surfaces in S 4 is Artin's spun knot ( [Art25] ), later generalized to twist spun knots by Zeeman in [Zee65] . These knots have easily computable fundamental groups and canonical broken surface diagrams associated to them (see [Sat02] ); as such, they both provide a good starting point for many interesting questions about knotted surfaces. Problem 4.58 on Kirby's list asks whether the connected sum of an unknotted projective plane with an odd twist spun knot is always equivalent (via diffeomorphism) to the unknotted projective plane; these (connected sums of) knots all have associated fundamental group Z 2 (although in the even case, their groups are typically not cyclic). By Freedman's topological s-cobordism theorem, it follows that there is a pairwise homeomorphism between (S 4 , RP 2 ) and (S 4 , K#RP 2 ), where K is an odd twist spun knot. By Theorem 1 of [BS16] , it follows that these knots become smoothly isotopic after enough internal stabilizations. While it is still unknown whether the knots are diffeomorphic without stabilizing, in this paper we generalize a result of Satoh to show that they become smoothly isotopic after a single (trivial) internal stabilization for any knot K. This falls in line with each of the examples given in [BS16] , where one internal stabilization is all that is needed to make a pair of exotically embedded surfaces smoothly isotopic. We invite the reader to compare these results with those in [AKM + 19], [Auc03] , and [BS13] where one external stabilization is all that is needed to make certain exotic smooth structures on 4-manifolds diffeomorphic.
Preliminaries
Let K + be a knotted arc in R 3 + = {(x, y, z) ∈ R 3 |z ≥ 0} with endpoints in the boundary. The spin of K, defined originally in [Art25] , is obtained by rotating the pair (R 3 + , K + ) around the R 2 axis given by z = 0 and taking the continuous trace of K + . If additionally we twist K + a full n times while we spin around the axis (where we imagine the "knotted" portion of K + to be contained in a rotating 3-ball), we obtain the n-twist spun K sphere, denoted τ n K. The n-twist spun K sphere was originally defined by Zeeman in [Zee65] (cf. [Boy88] [CKS04] [Sat02] ). If instead we replace K + with a knot K that does not intersect the boundary of R 3 + , we obtain the n-twist spun K torus, which we denote by σ n K to be consistent with the notation used in [Sat05] (cf. [Boy88] ). If h is a 1-handle whose core is contained in the axis of twisting of τ n K, then τ n K + h ∼ = σ n K, where τ n K + h denotes performing surgery along the 1-handle h. Let P g (e) be an unknotted and non-orientable surface knot in S 4 specified by its genus g and Euler number e (cf. [Kam14] ). The main theorem of this paper is the following: Theorem 2.1. Let K be a classical knot and n be a natural number. If either n is odd or K is a 2-bridge knot, then
Note that this theorem implies that for all odd n, τ n K#P 3 (±2) ∼ = P 3 (±2), since τ 1 K is an unknotted sphere for any knot K. A proof of this theorem in the case that K is a 2-bridge knot and n is any natural number is presented in [Sat05] , of which the proof of our theorem heavily draws from; however, this proof has a minor error, which we will point out and show how to fix.
Proof of the Main Theorem
The following lemma is proved in [Sat05] .
Lemma 3.1. For any classical knot K and any natural number n,
We present the following lemma.
Lemma 3.2. Let h be the 1-handle attached to τ n K#P 1 (±2) whose core is contained in the axis of twisting of τ n K. Suppose that either n is odd or K is a 2-bridge knot. Then h is isotopic to a trivial 1-handle.
The proof in [Sat05] states that if h is merely attached to τ n K (instead of τ n K#P 1 (±2)), then according to [Boy88] , h is trivial (for K a 2-bridge knot and n arbitrary); however, this is false in general. While Theorem 14 of [Boy88] did show that h is trivial for n = 1, 2, Theorem 15 showed that if K is the trefoil or figure-8 knot, then h is nontrivial for all n = 1, 2.
Proof. Let K be a classical knot in S 3 and let A|R be a Wirtinger presentation for the knot group π 1 (S 3 \ K). Write A = {a 1 , . . . , a k }. In [Sat02] , it is shown that A|R ∪ {a n 1 a i a −n 1 = a i |i = 2, . . . k} is a presentation for the surface knot group π 1 (S 4 \ τ n K). Note that connected summing a surface knot S with P 1 (±2) results in giving the relation a 2 = 1 for some meridional generator a of π 1 (S 4 \ S). Thus,
Depending on the parity of n, this presentation can be simplified; since a 2 1 = 1, then the relation a n 1 a i a −n 1 = a i is equivalent to a 1 a i a −1 1 = a i for n odd, and equivalent to the trivial relation a i = a i for n even. For n odd, we see that this presentation is equivalent to the presentation A|R ∪ {a 2 1 = 1} ∪ {a 1 a i = a i a 1 |i = 2, . . . k} . Since all of the generators are conjugate to a 1 , this presentation is equivalent to
It was proved in [BS16] that this implies every handle attached to τ n K#P 1 (±2) is trivial. For n even, the presentation is equivalent to the presentation
where µ is a meridional generator for π 1 (S 3 \ K) and < µ 2 > N is the normal closure of the subgroup generated by µ 2 . For each n, let λ n denote the image of a preferred longitude λ ′ ∈ π 1 (S 3 \ K) of the knot K under the inclusion (ι n ) * : (B 3 \ K + ) × 0 → S 4 \ τ n K, where (B 3 , K + ) is the 3-ball, knotted arc pair (here we are using the equivalent definition of τ n K as given in [Boy88] ). Additionally, for each n ∈ N, write G 1,n = π 1 (S 4 \ τ n K) and G 2,n = π 1 (S 4 \ τ n K#P 1 (±2)). Note that A|R ∪ {a 2 1 = 1} is a group presentation for each G 2,n (and hence they are all isomorphic); as such, we will instead write G 2 for each G 2,n . By Theorem 14 of [Boy88] , λ 2 is trivial. Now, each λ n can be represented by the same word w ∈ A * (specifically, λ ′ ∈ π 1 (S 3 \ K) can be represented by a word in w ∈ A * . Now take quotients to get that w = G 1,n λ n , wherew is the group element that the word w represents in G 1,n ). Furthermore, w also represents the image λ ′ n of each λ n under the quotient map q n : G 1,n → G 2,n = G 2 that sends a 2 1 to the identity. The relations for these groups are all equivalent and hence λ ′ n = G 2 λ ′ m for all even m and n. Since λ 2 is trivial, then λ ′ n = G 2 1 for all even n. Let P + be the positive peripheral subgroup of π 1 (S 4 \ τ n K#P 1 (±2)). It was proved in [Kam14] that two one handles with oriented cores (B, C) and (B ′ , C ′ ) attached to a nonorientable surface knot are equivalent if and only if P + (B, C)P + = P + (B ′ , C ′ )P + . If we drag the 1-handle h with its core c (arbitrarily oriented) along the knot K in (B 3 , K)×{0} ⊂ τ n K so that both of the basepoints of its core are near the south pole, we can see that the core of h is equivalent to the longitude λ in π 1 (S 3 \ K) or its inverse. Since the image of λ (under the above maps) in π 1 (S 4 \ τ n K#P 1 (±2)) is trivial, we see that P + (h, c)P + = P + and hence h is trivial.
With the hard part out of the way, we now prove the main theorem. This proof is essentially the same as the one given in [Sat05] .
Proof. Assume either n is odd or K is a 2-bridge knot. By Lemma 3.2, τ n K#P 3 (±2) ∼ = (τ n K#P 1 (±2)) + h ∼ = σ n K#P 1 (±2).
Then by Lemma 3.1, σ n K#P 1 (±2) ∼ = σ n+2 K#P 1 (±2) ∼ = τ n+2 K#P 3 (±2).
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